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Abstract-Radiant heat flux calculations in planar, absorbing, emitting, and isotropic scattering layers are
accurately reduced to calculations in nonscattering layers by scaling laws. The two scaling laws, square root
and linear, are accurate for different combinations of optical depth and single scattering albedo. The linear
scaling applies for the optically thin and the highly scattering problems. The square root scaling is accurate for
all others. The heat flux distributions in inhomogeneous, nonisothermal layers which scatter isotropically are
obtained by solving multi-layered problems with each layer reduced to a nonscattering problem. Anisotropic

scattering effectsare easily included,
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FIG.!. Heat flux vs optical depth: comparing the previous and
the current scaling models.
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but the governing equation remains in the integro­
differential form. The objective of this paper is to show
how the governing equation can be reduced to an easily
integrable differential equation by scaling all scattering
effects into equivalent properties of a nonscattering
problem.

There have been attempts at reducing scattering
problems to nonscattering problems. Adrianov [2]
solved for the net radiant heat transfer between two
planar walls at a constant temperature which contain
an isothermal, absorbing-scattering gas. The effect of
scattering is included in the absorptance of the layer by
using the two-flux method. A more generalized scaling
technique was introduced by Goswami and Vachon
[3]. The two-flux method is also used to calculate the
absorptance of an absorbing, emitting and isotropi­
cally scattering layer. The resulting absorptance is used
to scale the optical depth of the problem to an
equivalent length of a nonscattering layer.

For the problem of a cold medium with incident
radiosity from the wall located atzero optical depth, the
results of the previous scaling attempt are shown in Fig.
1. The exact total heat flux distributions (numerical

Greek symbols
e, wall emissivity;
tc, optical depth, optical depth coordinate;
li:o, total optical depth;
p; cos 0;
0, angle with the x-axis ;
p, wall reflectivity;
a, Stefan-Boltzmann constant;
W, scattering albedo.

l\'O~IEl\'CLATURE

eb' blackbody emissive power, nIb;
£3' exponential integral function of order 3;
I, radiation intensity;
T, temperature;
q, radiant heat flux;
qo, incident radiosity.

PROBLEM STATEl\IEl'o'T

Superscripts
" integration variable;
*, nondimensional variable;
+, in the positive K direction;

in the negative tc direction.

Subscripts
E, equivalent quantity;
m, medium property.

THE RADIATlO;-'; heat transfer calculations for a planar,
absorbing, emitting and scattering medium are
generally complex. The degree of difficulty in solving
the transport equation depends on the nature of
scattering. If the medium scatters anisotropicalIy,
considerable effort is required to obtain the exact
solutions. It has been shown that the radiant heat flux
and the average incident radiation in a planar,
anisotropically scattering medium can be scaled by an
equivalent medium which scatters isotropically [ll
The complexity of the problem is thus greatly reduced,
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where l(K, Jl) is the radiant intensity, Jl is cos 0 (0 is the
angle with the positive x-axis), xis the optical depth,w is
the scattering albedo, and a is the Stefan-Boltzmann
constant. The radiant heat flux is obtained by
integrating the weighted intensity over II,

solution method presented in the Evaluation section)
are used to compare the previous scaling results. The
scaling approach of Goswami and Vachon, with
numerous corrections to the equations as originally
stated in ref. [3], is used to generate these results.
Although the above scaling attempts to incorporate the
effect of scattering, the results are inadequate. Figure 1
shows the results of the scaling scheme which is
presented in this work.

The model system under study is a planar isothermal
medium at Tm between two diffuse walls with incident
radiosity '10 from the left wall. The medium scatters
isotropically while it also emits and absorbs. The
equation of transfer is

medium. In a scattering medium, not only is there a
decay of energy by absorption there is also a
redistribution of energy into all directions. In
particular, the net heat fluxes in the positive and the
negative K directions are '1+(,,;) and '1-(1\). The
scattering phenomenon yields a significant '1-(1\)
contribution, called back scattering, which cannot be
matched by altering only the emissive characteristics of
a nonscattering medium, i.e. by changing the optical
depth.

We introduce the effect of backscattering into a
nonscattering problem by prescribing an equivalent
reflectivity at the wall, PE' The PE of both walls are the
same because the heat flux distribution for the system
under study (Fig. 2) without boundary terms is
symmetric. Since the nonscattering problem where all
of the scattering effects are concentrated on the walls
must also yield a symmetric heat flux distribution, the
equivalent reflectivity of both walls must be identical.
The equivalent reflectivity is a function of 1\0 and W

since the magnitude of '1-(1\) in the scattering problem is
also dependent on these two parameters. The
equivalent emissivity is (1- pJ.

The details of the scaling are given in the following
section. Once the reduction is achieved, the equation of
transfer [equation (1)] becomes an easily integrable
differential equation. The equivalent heat flux for the
problem shown in Fig. 2 is computed simply by

(
. ) _ [(I-PJ£JC";E)-2(I-PVPE£3(I\O,)£3(I\OE-KE)]

'1E h:c - 2'10 1 4 2£2( . )
- PE 3 "OE

04 {(1-Pv[2PE£3(KOE)+ 1][£3(KOE-I-:J-£JCh'E)]} ,
+2uTm 1 4 2£2( _ ) (3)

- PE 3 "0"

The reduction of the scattering problem to a
nonscatteringproblem is shown schematically in Fig. 2.
The incident radiosity '10 and the temperature of the
medium Tm remain invariant under the scaling. The
equivalent optical depth I\E will be scaled to include
scattering as well as absorption.

The discussion of Fig. 1 has shown that the resulting
equivalent heat flux obtained by scaling only the
optical depth is inaccurate. The reason for the error is
that the heat transfer characteristics of a nonscattering
medium are fundamentally different from a scattering

__ T
m

w=o

"'Or
p=o Pr Pr

FIG. 2. Physical system model.

where E 3(x) is the third exponential integral function.
The model problem considered is simple but the

above result is fundamental to building solutions of
more complicated systems. In the Applications section,
we will show how problems with incident radiation
from both boundaries (diffuse reflecting walls),
nonisothermal or inhomogeneous media can be
trivially solved once the problem has been reduced to
nonscattering, Effects ofanisotropic scattering can also
be included by first applying the scaling proposed in ref.
[1]. Although the above result is presented for gray
properties, the conclusions are also valid on a spectral
basis if the spectral blackbody emissive power of the
medium is used. We pointed out in ref. [1] that when
scaling from anisotropic to isotropic scattering the
angular information necessary to scale the intensity
field is lost. Thus only the integrated quantities, the heat
flux and the average incident radiation, were scaled . In
reducing an isotropic scattering problem to a non­
scattering problem the directional heat fluxes can no
longer bescalcd. Thus, only the total radiant heat flux is
scaled.

SCALI:'\G

The P-l approximation (1st order spherical
harmonics approximation) was used to scale aniso-



Reducing scattering to nonscattering problems in radiation heat transfer 1057

(lOa)

2
PC'. = -(I-Jl-w)-1.

w

( I-~)q(O)= Z(qo-uT;) 1- w .

The similitude between the model and the scaled
problem is achieved by setting

(IZb)

square root

2
PC'. = 1- • (IZa)

3K w_0_+ 2
4

The first set of transformations obtained by using the
P -1 radiative equilibrium boundary scaling will be
referred to as the linear scaling. The second set uses the
two-flux optically thick boundary scaling and will be
called the square root scaling. The linear scaling is
expected to be accurate for optically thin conditions
while the square root scaling is expected to be valid as
the optical depth increases.

Z
PE = 1- (9)

~(I\o -1\0£) +2

where the linear optical depth scaling ofequation (6b)is
substituted for K OE'

The P-I boundary scaling is expected to become
inaccurate as the optical depth increases . At large
optical depths. the boundary elfects become negligible
and the square root is expected to be the appropriate
optical depth scaling. Furthermore. the temperature
distributions of the radiative equilibrium problems
become nonisothermal. A second boundary scaling.
which treats isothermal problems. is needed for the
optically thick conditions.

The P-I solution for isothermal media at the
optically thick limit as well as a number of two stream
approximations were considered [4]. Best results were
obtained from the two-flux solution for isothermal
media at the optically thick limit. The two-flux
boundary scaling is obtained in the following manner.
From Tong and Tien [5]. we find that the heat flux at
K = 0 as KO -+ 00 becomes

In summary. the two sets of scaling laws are

linear

qrJO) = (qo-uT;)(I-pJ. (lOb)

The equivalent wall reflectivity is then

The nonscattering solution [equation (3)] as I\OE -+ etJ

becomes

dq*(K*)
~ +ZKo(l-w)q*(K*)

= 4Ko(l-w)16(K*) at 1'* = 1. (5b)

The scaling groups suggested are KW -w) and
Ko(l-W). For an isothermal medium. the governing
equation contains only 1\~(I-w) and the group given
by the boundary conditions is Ko(1 - W). Thus. the two
possibilities for scaling optical depth arc

square root: I\OE = Jl-w KO. (6a)

linear: K OE = (1-W)KO' (6b)

We . argued in the previous section that the
boundaries must be scaled. Appropriate boundary
scaling laws arc obtained for the two optical depth
scalings. The linear optical depth scaling from the
boundary conditions suggests applications to the
optically thin systems where the boundary contri­
butions are important. The normalized energy
equation for the optically thin limit.

dq*
dK* = 4Ko(l-w)16-ZKo(l-w)[q+*(O)+q-*(I)] (7)

where

The Marshak boundary conditions are

dq*(K*)
~ - ZKo(1-W)q*(K*)

= 4Ko(1-W)[1:(K*)-I] at 1'* = 0 (5a)

tropic to isotropic problems [I] and this approxim­
ation is the starting point for the present scaling. The
governing equation for the isotropic scattering is
normalized as

also shows that Ko(1-W) is the only scaling group in
this limit. Although the model problem with the
isothermal medium is not at radiative equilibrium, the
temperature distributions for the optically thin
problems at radiative equilibrium arc nearly iso­
thermal. Therefore. we look to the P - 1 solution of a
planar medium at radiative equilibrium for a boundary
scaling. The heat flux for an absorbing. emitting.
isotropically scattering medium with black walls in
radiative equilibrium is given by

I
q* =--. (Sa)

~Ko+ 1

The equivalent nonscattering problem with the optical
depth of KOE and the wall reflectivity PE yields the heat
flux of

q* = ------=---
3 Z
"4K oE + -1---1

-PE

(Sb)
E"ALUATIO~

The two scaling laws of equations (12) are used to
scale the heat flux in the scattering problem shown in
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FIG.3. Heat flux vs optical depth :isothermal emission. (a) Comparison for optically thin limit. (b) Comparison
for small optical depths. (c) Comparison for large optical depths.

Fig. 2. These scalings are evaluated by studying (1)
isothermal emission with zero boundary temperatures
and (2) boundary incidence at K = 0 into a cold
medium. The equivalent heat fluxes are calculated by
equation (3) and compared with the exact solutions.
The exact solutions for isotropic scattering are
obtained by the adding/doubling approach [6]. The
method constructs layer properties from smaller layers
where expressions for the reflectance and the
transmittance are obtained easily. Internal sources are
conveniently included [6, 7]. The results have been
shown to be very accurate and computationally fast
[6,7].

From the numerous comparisons done, wepresent in
Figs. 3 and 4 representative results for the cases studied.
Figure 3 shows the results for the isothermal emission
problems and Fig. 4 is for the boundary incidence
problems. Figures 3(a) and (b) and Figs. 4(a) and (b)
show that the linear scaling is the better choice for small
optical depths. Figures 3(c)and 4(c)show that the linear
scaling is also better at very high scattering albedos.
Except for these extreme cases, the figures show the
square root scaling to be the better scaling. A more
precise statement of the regions where each scaling law
is applicable is found in Fig. 5.

The scaling regimes shown in Fig. 5 reflect the
expected trends, i.e. the linear scaling is better at the
optically thin limit and the square root is better at larger
optical depths. Figure 5 also shows that the linear
scaling is the better scaling method for high albedos,
co -> 1.0.This appears to be a result from the similarity
in the heat transfer characteristics of the optically thin
medium and the conservative scattering medium, i.e.
the heat flux in both cases is a constant.

Figures 3 and 4 are indicative of the magnitudes of
error to be expected when the equivalent heat flux
results are used. With the correct scaling (Fig. 5), the
accuracy is very good for the linear scaling'region. In
the square root region, theemission problem scales well
all the way out to the optically thick limit. The
boundary problem in the square root region results in
larger error. This is attributable to the error seen from
the two-flux boundary solutions. Traugott and Wang
[8] show that the heat fluxfor non-emitting problems is
offby 25% and suggest changing a constant of 2 in the
governing equation to 3112 to fit the optically thick
limit. Thesuggestion was not followed because it results
in emittance values which do not conserve energy. The
equivalent heat fluxes for boundary problems do follow
the exact distributions at the optically thick limit.
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FIG.4. Heat /lux vs optical depth: boundary incidence problems. (a) Comparisons for intermediate scattering
albedo. (b) Comparisons for high scattering albedo. (c) Comparisons for cases approaching pure scattering.
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Higher errors are seen in the square root region close to
the linear region. We will show in the Applications
section an approach by which the boundary scaling
error in the square root region, especially in the
intermediate optical depth region, can be avoided. In
addition, the slopes oftheequivalentheat fluxes of Figs.
3 and 4 show that the average incident radiation does
not scale as well.

APPLICATIO:-\S

Scaling isotropic scattering problems in homo­
geneous and isothermal media bounded.by black walls
have been addressed thus far. In general, the
temperature of the medium is not uniform and the
scattering particles may also be une venly distributed.
The temperature profile of a problem is unknown until
the energy equation, which involves other modes of
heat transfer, is solved. To solve the radiation part of the
problem, the temperature ofthe medium is needed. The
usual approach is to assume a temperature profile for
the radiation calculations, use the result in the energy
equation, and then iterate.

Given an assumed nonisothermal temperature
profile in an inhomogeneous medium, the medium can
be subdivided into a number of approximately
isothermal . layers. We further assume that these
sublayers a re homogeneous with constant optical
properties. Then the isothermal scaling technique
presented in the previous sections can be applied
directly. In the sample problems presented below, the
two effects are separately treated. The problems with
diffusely reflecting walls are solved by adding a layer of
zero depth to represent the wall. The layers of the
medium are scaled without walls and the energy
balance on the wall is added to the set ofequations to be
solved.

To illustrate the solution techn ique involved in
solving inhomogeneous med ium problems, a double
layered slab is considered. A cold medium is held
between two diffusely reflecting walls of different
temperatures. As shown in Fig. 6, the heat flux of this

problem is treated as a superposition of the heat fluxes
from the simpler problems with the boundary sources
as indicated. Following the notation shown on Fig . 6,
the total heat flux is given by

*( ) - * ( -) * ( -) q-("I) 0 ,;::,;:: (13 )
q K - qlA " +qlB K q+(O) , '" "'" "I' a

*( _) _ * ( .)q+("I) * ( .) q-("2)
q K - q2A K q+(O) +q2B K q+(O) ,

"I :::;; tc :::;; "2' (l3b)

The * denotes nondimensionalization with respect to
q+(O) and the q-("I)' q+("I) and Q-("2) are the
unknown intermediate and incident radiosities.

These intermediate radiosities need to be explicitly
determined when working with single layer solutions
whether . isotropic or equivalent nonscattering.
Assuming that these intermediate radiosities are
diffuse, and looking only to conserve directional heat
fluxes, the intermediate radiosities are obtained by
summing the directional heat fluxes due to each of the
sources evalu ated at the interface. For the two-layer
problem this yields a set of two linear equations. For 11­

layers, 211simultaneous equations need to be solved .The
right side incident radiosity is obtained by an energy
balance at the wall, which involves the unknown
radiosities. The problem can be formulated interms of
total heat fluxes of the two layers. Each of these heat
fluxes can be easil y solved by reducing the problem by
the appropriate scaling law to a nonscattering problem.
, The calculations were done for double layered
problems of differing optical properties and 1:2 ranging
from 0.1 to 1.0. Of the calculations done, Figs. 7(a) and
(b) present the extreme results of &2 = 0.0 and 1:2 = 1.0.
The agreement between the scaled result using the
superposition approximation and the exact solution is
excellent. Results were also obtained when the heat
fluxes of each layer were calculated by sol ving the
isotropic scattering equations and superimposed.
These last results are not presented but they indicate
that most of the errors in Fig. 7 are due to the incorrect
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FIG. 7(a). Heat /lux distribution for an inhomogeneous double
layered slab (see Fig. 5 for scaling regimes).

FIG.7(b). Heat /lux distribution for an inhomogeneous double
layered slab (see Fig. 5 for scaling regimes).

assumption of diffuse intermediate radiosities and not
to the scaling. In the limit of a homogeneous layer
having an optical depth which lies in the square root
region, subdividing the layer into smaller layers which
lie in the linear scaling region usually yields same or
better heat flux distributions. The scaling is especially
improved for the boundary problems with intermediate
optical depths. The interaction between the improved
single layer scaling and the error introduced by the
diffuse intermediate radiosities assumption is complex
and difficult to determine. It does appear that for larger
homogeneous layers, say K O = 1.5, subdividing into a
number of linear layers is a desirable approach.

The second effect to demonstrate is the charac­
teristics of a nonisothermal medium. A homogeneous
medium is divided into a number of isothermal layers.
We will consider a double layered problem shown in
Fig. 8. The two layers are identical except for the
temperatures. The method of superposition is again

used. The total heat flux is given by

q-(Kl)
q*(K) = qiA(K)-- +qfB(K}, 0 ~ K ~ K1, (14a)

eb T m l

K I ~ K ~ K 2, (14b)

where'" denotes nondimensionalization with respect to
ebT=.' the emissive power of layer 1. The intermediate
radiosities, q+(KI} and q-("I) are obtained in' the
manner described for the first example. The total heat
flux distribution is obtained by solving the equivalent
nonscattering heat fluxes of problems lA, 1B, 2A and
2B. Figure 9 shows the plot of the heat flux vs optical
depth for K I = "2-"1 = 1.0 and OJI = OJ2 = 0.3. The
equivalent results compare very well with the exact
solution.
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FIG. 8. Nonisothermal two-layer slab.
FIG. 9. Heat /lux distribution for a nonisothermal double

layered slab (see Fig. 5 for scaling regimes).
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and the square root scaling,
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CO~CLUSIO="

The goal was to reduce the heat flux calculations in
scattering problems to that in nonscattering problems.
This is achieved by lookingat the P -I and the two-flu x
approximations. The scalings obtained are the linear
scaling
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PE = I-~--­

~"ow+2

"OE=~"O;

The scaling regimes are presented in Fig. 5. The linear
scaling is more accurate for the optically thin and the
high scattering albedo problems. The square root
scaling is applicable elsewhere. The accuracy in scaling
the heat flux in an isothermal medium which scatters
isotropically is shown to be excellent. The solution of
the simple model problem is fundamental to including
inhomogeneous, nonisothermal effects by solving the
multi-layered problem. Anisotropic scattering can be
included by pre-scaling by the laws given in [I]. Also,all
the results arc valid on a spectral basis .

PROBLEMES DE REDUCTION OU NON DE LA DIFFUSION DANS LE TRANSFERT
THERMIQUE RADIATIF

Resume -s-Les calculs de nux radiatifs dan s les cou ches planes, ab sorbantes, emettrices et isotropiquernent
d iffusantes sont reduites ades calculs de couches non diffusantes par des lois d'echelle, Les deux lois d'echelle,
racine carree et lineaire, sont preci ses pour differenles com binaisons de profondeur optique et d 'albedo un ique.
La methode lineaire s'applique aux problernes de couches optiquernent minces et fortement diffusantes, La
methode racine carree convient a tous les autres. Les distributions de flux thermique dans les couches non
homogenes et non isothermes qui diffusent isotropiquement sont obtenues en resolvant des problemes
multicouches avec chaque couche redu ite aune couche non diffusante. Les eflets de diffusion anisotrope sont

facilement indus.

REDUKTION EINES PROBLEMS MIT STREUUNG AUF EIN PROBLEM OHNE
STREUUNG BEIM WARMEOBERGANG DURCH STRAHLUNG

Zusammcnfassung-Die Berechnung des Wiirmeiibergangs durch Strahlung in ebenen, absorbierenden,
emittierenden, isotrop streuenden Schichten wird durch geeignete Normierung aufdie Berechnung von nicht
streuenden Schichten zunickgefiihrt. Die beiden Normierungsgesetze sind quadratisch und linear und lassen
sich exakt auf verschiedene Kombinationen YOn optischer Tiefe und einfach streuendem Albedo anwenden.
Die lineare Normierung wird bei Problemen mit optisch diinnen und stark streuenden Schichten angewandt,
Fiir aile anderen Faile gilt die quadratische Normierung. Die Verteilung der Wiirmestromdicht en bei
inhomogenen, nicht-isot hermen, isotrop streuenden Sch ichten erhiiIt man durch die Los ung von
Mehrschichten-Problernen, wobei j ede Schicht aufein nicht-streuendes Problem zurfickgefiihrt wird . Weit ere

Einflusse durch nicht-isotrope Streuung konnen leicht einbezogen werden,
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CBE.lJ.EHHE 3A.lJ.AlJ 0 PACCEHBAIOIUHX CPE.lJ.AX K HEPACCEHBAIOIUHM nPH
JIYlJHCfOM TEnJIOnEPEHOCE

AHHOTaUHII-PaC'IeTbl nyxncroro TenJlOBOrO nOTOKa B nJlOCKIIX, nornouraiounrx, mnyxaroumx II
1130TponHo paccensaioumx CJlOJlX TO'lHO caeneuu MeT011a~1II n0110611J1 K pacxerasr .nyxncroro
TenJlOBOrO nOTOKa B nepacccnaaiounrx Cpe113X. .lJ.Ba aaxona npe06pa30BaHIIJI, xopns xaanparuoro
II J1IlHeilHblil, n03BOJlJllOT TO'lHO paCC'IIiTaTb pa3J11I'1Hble CO'leTaHIiJi OnTII'IeCKOii rJIy61111b1 C Ol1Hml
aJlb6e110 paCCeJlHIIJI. Ilepecser no Jllllleiillo~IY 3aKOllY IIcnOJlb3yeTcJI B sanasax COnTlI'leCKIi TOHKII~III

II CIIJlbllO paccenaarounnsa cpenasnr. Flepecxer no saxony xaanparuoro xopns 11aeT roxnsre
pesyns rarsr BO scex ocransuux cnyxaax. Pacnpeneneuue TenJlOBOrO nOTOKa B neonnoponasrx,
lIeIl30Tep~III'1eCKIIX,1130TpOnUO pacceasatoumx CJlOJlX nonyseuo nYTe~1 peweHIIJI sanau nna xurorocnoii­
HblX Cpe11, B KOTOpblX nns KaJKnOrO CJlOJI npoaenen nepecxer na uepaccenaaiouryio cpeny. B 3T0~1

cnyxae nerxo Y'lIlTblBaIOTCJI 3¢¢eKTbI amnorpornroro paCCeJlIIIIJl.




